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1. Introduction 

The purpose of this paper is to give a new approach to studying a certain 
probabihty measure on the set of all partitions of size n, known as Jack^ 
measure. Here a > 0, and this measure chooses a partition A of size n with 
probability 

n^eA(««('S) + K*) + l)(aa(s) + l{s) + a) ' 
where the product is over all boxes in the partition. Here a(s) denotes the 
number of boxes in the same row of s and to the right of s (the "arm" of s) 
and l{s) denotes the number of boxes in the same column of s and below s 
(the "leg" of s). For example the partition of 5 below 

□ □ □ 

□ □ 

would have Jack^ measure 

60a2 

(2a + 2)(3a + l)(a + 2)(2a + l)(a + 1) ' 

Before proceeding, it should be mentioned that there is significant interest 
in the study of statistical properties of Jack^ measure when a is fixed. The 
case a = 1 corresponds to the Plancherel measure of the symmetric group, 
which is now well understood due to numerous results in the past few years. 
The surveys [XTnj.fD^. |n2j and the seminal papers |B()()j .[j]. |()lj indicate 
how the Plancherel measure of the symmetric group is a discrete analog of 
random matrix theory, and describe its importance in representation theory 
and geometry. The case a = 2 corresponds to the Gelfand pair (/S'2n>-f^2n) 
where S2n is a symmetric group and H2n is the hyperoctahedral group of 
size 2^n\. When a = ^, Jack polynomials arise in the study of the Gelfand 
pair (GL(n, H),U{n, H)) where H denotes the division ring of quaternions 
and GL, U denote general linear and unitary group. The paper |()2j empha- 
sizes that the study of Jack^ measure is an important open problem, about 
which relatively little is known |B01j . It is a discrete analog of Dyson's /3 
ensembles, which are tractable for the three values /? = 1, 2, 4. In particular, 
the correlation functions of Jackc, measure are not known, so the traditional 
techniques for studying discrete analogs of random matrix theory are not 
obviously applicable. 

In the current paper we study Jacka measure using a remarkable proba- 
bility technique known as Stein's method. Although Stein's method can be 
quite hard to work with, there are some problems where it seems to be the 
only option available (see |RRj for such an example involving the antivoter 
model). Good surveys of Stein's method (two of them books) are |ArGGj . 
pLTj . l^taT] . |nta2l . 

The current paper is a continuation of |Flj . which applied Stein's method 
to the study of Plancherel measure of the symmetric group Sn- Let 
denote the character of the irreducible representation of Sn parameterized by 
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A on the conjugacy class of transpositions. Let dim{X) denote the dimension 
of the irreducible representation parameterized by A. Letting Pa denote the 
probability of an event under Jack^ measure (so that Pi corresponds to 
Plancherel measure), the following central limit theorem was proved: 



Theorem 1.1. f'Tl'J For n > 2 and all real xq, 

y ^ dim{\) j V2^J-oo 

This result sharpened earlier work of Kerov |Klj (see |IUj for a detailed 
exposition of Kerov's argument) and Hora |Hoj . who both obtained a central 
limit theorem by the method of moments, but with no error bound. We 

remark that statistical properties of the quantity ^jm'(A) ^ (^^Iso called a 
character ratio) have important applications to random walk |DShj and to 
the moduli space of curves |EOj . 

The main result of the current paper is the following deformation of The- 
orem ^3 To state it one needs some notation about partitions. Let A be a 
partition of some non-negative integer |A| into integer parts Ai > A2 > • • • > 
0. The symbol mi{X) will denote the number of parts of A of size i. Let 
1{X) denote X]j>i mi{X), the number of parts of A. Let n(A) be the quantity 
^j>^(z — l)Ai. One defines A' to be the partition dual to A in the sense that 
A^ = mj(A) -|- mj+i(A) Geometrically this corresponds to flipping the 

diagram of A. 

Theorem 1.2. Suppose that a > I. Let Wa{X) = ^lil^lk^. For n > 2 
and all real xq, 

2 f^o 2 
\Pa {Wa <xo)-^= / 6-^2 dx\ < A^n-^l^ 
v27r J-00 

where depends on a but not on n. 

Note that the assumption that a > 1 is merely for convenience. Indeed, 
from the definition of Jack measure it is clear that the Jackc probability 
of A is equal to the Jackj_ probability of A'. From this one concludes that 
the Jacko, probability that = w is equal to the Jackj_ probability that 
Wi = —w, so that a central limit theorem holds for a if and only if it holds 

a 

for i. 

a 

We conjecture that the convergence rate upper bound in Theorem 11.21 
can be improved to a universal constant multiplied by the maximum of 

and . In fact the third moment of Wa is (see Corollary 15. 3|) , so 

V^G) 

certainly — > is necessary for Wa to be asymptotically normal. Of course 
typically one is interested in a fixed, as a is a parameter which represents 
the symmetries of the system. 
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A result of Frobenius is that 



^(2,i"-2) _ n{X') - n{X) 
dim{\) ~ g) ■ 

Hence Theorem 11.21 is a generalization of Theorem 11.11 in the case a = 1. 
It is also of group theoretic interest in the case a = 2. By page 410 of 
[Mj one sees for the a = 2 case that is the value of a spherical 

function corresponding to the Gelfand pair {S2n, H2n), where is the 
hyperoctahedral group of size 2"'n!. Moreover when a = 2, Theorem 11.21 
gives a central limit theorem for the spectrum of a natural random walk on 
perfect matchings of the complete graph. For a definition and analysis of the 
convergence rate of this random walk on matchings, see p5Hol , where it was 
studied in connection with phylogenetic trees. Note that their Corollary 1 
shows that the eigenvalues of that random walk are indexed by partitions A 
of n, and are occurring with multiplicity proportional to the Jack2 

measure on A. 

Next we make some remarks about the proof of Theorem 11.21 The argu- 
ment is not a straightforward modification of arguments used in Fl , and 
requires new ideas. The reason for this is that for general a the Jack„ mea- 
sure does not have a known interpretation in terms of representation theory 
of finite groups. Hence the proof of [FTj . which used concepts such as in- 
duction and restriction of characters, can not be applied. There is another 
fundamental difference between the case of Plancherel measure and Jacko, 
measure. In the Plancherel case the argument of |Flj can be pushed through 
to conjugacy classes other than transpositions, but the same is not clearly so 
for the Jacket case. This is because the Jack^ case uses connections between 
Jack polynomials and the Metropolis algorithm (due to Hanlon |Haj and to 
be reviewed in Section [S]) and it is not clear that these connections work for 
classes other than transpositions. 

Theorem 1 1 . 21 will be a consequence of the following bound of Stein. Recall 
that if W, W* are random variables, they are called exchangeable if for all 
wi,W2, P{W = wi,W* = W2) is equal to P{W = W2,W* = wi). The 
notation E'^ {■) means the expected value given W. Note from ^tnT that 
there are minor variations on Theorem 11.31 (and thus for Theorem II. 2|) for 
h{W) where /i is a bounded continuous function with bounded piecewise 
continuous derivative. For simplicity we only state the result when h is the 
indicator function of an interval. 

Theorem 1.3. i^ |Stnlj ) Let (W, W*) be an exchangeable pair of real random 
variables such that (W*) = (1 — t)W with < r < 1. Then for all real 
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\P{W < xo) - ^ / e--dx\ 



In order to apply Theorem 11.31 to study a statistic W, one clearly needs 
an exchangeable pair (W,!^*) such that E^{W*) = (1 - t)W. A Markov 
chain K (with chance of going from x to y denoted by K{x,y)) on a finite 
set X is called reversible with respect to a probability distribution vr if 
Tr{x)K{x,y) = Tr{y)K{y,x). This condition implies that tt is a stationary 
distribution for K. The idea is to use a reversible Markov chain on the set 
of partitions of size n whose stationary distribution is Jack^ measure, to let 
A* be obtained from A by one step in the chain where A is sampled from tt, 
and then set (W, W*) = {W{\), Vl^(A*)). A main contribution of this paper 
is the construction and analysis of an exchangeable pair which is useful for 
Stein's method. 

Section[21revisits and generalizes the construction of an exchangeable pair 
for Plancherel measure of the symmetric group. We give a connection be- 
tween harmonic functions on Bratelli diagrams and decomposition of tensor 
products and extend some results in |F2j . Section |31 reviews necessary facts 
about Jack polynomials. Motivated by the discussion in Section [21 Section 
m constructs an exchangeable pair {Wa, W*) to be used in the proof of The- 
orem ESI The combinatorics in this section is quite interesting. Sectional 
recalls needed work of Hanlon relating Jack polynomials to the Metrop- 
olis algorithm. Section El combines the ingredients of the previous sections 
to prove Theorem 11.21 

To close the introduction, we mention some follow up work to this paper. 
The paper |F3j sharpens the bound in Theorem II . 21 using martingale theory. 
The forthcoming paper |(]Fj extends the approach of this paper to other 
Gelfand pairs (where the limit need not be a Gaussian law). 



2. Plancherel Measure Revisited 

To begin, we revisit the construction of an exchangeable pair (W, W') for 
the special case a = 1, corresponding to Plancherel measure, which was 
studied in |Flj . In doing so we clarify and generalize some of the results 
there and in |F2j . This will be very helpful for treating the case of general 
a. 

As mentioned in the introduction, to construct an exchangeable pair 
(PF^, M/'*) with respect to a probability measure vr on a finite set X, it is 
enough to construct a Markov chain on X which is reversible with respect 
to vr. Indeed, choosing x from it and letting x* be obtained from x by one 
step of the chain, it follows that (W, W*) := {W{x), W{x*)) is an exchange- 
able pair. Of course one wants to construct the Markov chain in such a way 
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that the exchangeable pair is useful for Stein's method, and more precisely 
useful for Theorem II .31 

2.1. Known Constructions. To start we consider the situation for an ar- 
bitrary finite group G. Let Irr{G) denote the set of irreducible representa- 
tions of G. Then the Plancherel measure on Irr{G) chooses a representation 

A with probability '^^'jg^^ , where dim{X) denotes the dimension of A. In |F2j 
we constructed a Markov chain Mh on Irr{G) which is reversible with re- 
spect to Plancherel measure. To define this Markov chain, one first fixes a 
subgroup H of G. For r G Irr{H) and p £ Irr{G), we let k,{t,p) denote 
the multiplicity of p in the character of G obtained by inducing r from H 
(by Frobenius reciprocity, this is also equal to the multiplicity of r in the 
character of H obtaining by restricting p). Then |F2j defined the transition 
probability Mh(\,p) of moving from a representation A to a representation 
P by 



It was proved there that these transition probabilities sum to one, and that 
the Markov chain with transition mechanism Mh is indeed reversible with 
respect to the Plancherel measure of G. 

For arbitrary groups, this construction can be recast in terms of har- 
monic functions on Bratelli diagrams. We recommend |K2j or |B02j for an 
introduction to this subject. One starts with a Bratteli diagram; that is an 
oriented graded graph F = U„>oF„ such that 

(1) Fq is a single vertex 0. 

(2) If the starting vertex of an edge is in Fj, then its end vertex is in 



(3) Every vertex has at least one outgoing edge. 

(4) All Ti are finite. 

For two vertices A, A G F, one writes A ^ A if there is an edge from A 
to A. Part of the underlying data is a multiplicity function k(A, A). Letting 
the weight of a path in F be the product of the multiplicities of its edges, 
one defines the dimension dim{K) of a vertex A to be the sum of the weights 
over all minimal length paths from to A. Given a Bratteli diagram with a 
multiplicity function, one calls a function (p harmonic if 0(0) = 1, > 
for all A G F, and 



An equivalent concept is that of coherent probability distributions. Namely 
a set {M„} of probability distributions M„ on F„ is called coherent if 




<P[X)= '^(A,A)<A(A). 



M„_i(A)= 



dim{X)n{X, A) 



M„(A). 



A:A/A 



dim(A) 
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The formula showing the concepts to be equivalent is i;^'(A) = ^^j^- Note 
that in this setting there is a natural transition mechanism for moving up or 
down a step in the Bratelli diagram. Namely the chance of moving from A to 

A ■ KiXA)Mn(A)dim(X) 1,11 r ■ r \ ^ \ ■ dim(X)K.(X,A) 

^ IS V:i(A)dL(A) ' and the chance of movmg from A to A is ^^(A) • 
Let Hq = {id} Hi C ■ ■ ■ C Hn = G he a tower of subgroups of G. 
Consider the Bratelli diagram whose jth level consists of irreducible rep- 
resentations of Hj, with edge multiplicity given by k(t, A) as in the first 
paragraph of this subsection. It is proved in |i^'2j that the Plancherel mea- 
sures of the groups form a coherent family of probability distributions (this 
was known for the symmetric group |KlJ. Moreover it was shown that if 
one transitions from level n to level n-1, and then from level n-1 to level 
n, that the resulting Markov chain on irreducible representations of Hn is 
exactly the chain Mh„_i- 

2.2. New Construction. Next we give a new Markov chain on the 
set of irreducible representations of G which is reversible with respect to 
Plancherel measure, and which generalizes the chain Mh- First fix rj, any 
representation (not necessarily irreducible) of G whose character is real val- 
ued. Let be the usual inner product on class functions of G defined 
as ]^ SgeG '>^(S')^(5')' Then the probability that the chain transitions 
from A to /9 is 

dim{p) o n X 



di'm{rj)dim{X) 

Note that this is nonnegative because < x^i X^X^ > is the multiplicity of p 
in the tensor product of rj and A. 

Lemma 2.1. Let rj be a representation of a finite group G whose character 
is real valued. Then the transition probabilities of sum to 1, and the 
Markov chain is reversible with respect to the Plancherel measure of G. 

Proof. To see that the transition probabilities do as claimed sum to 1, ob- 
serve that dim{p)x^ is the character of the regular representation of G, 
so takes value |G| at the identity element and elsewhere. The reversibility 
assertion uses the fact that < x''; X^X^ > is equal to < x^X^ : X'^ which is 
true since x^ is real valued. □ 

We remark that the second part of Lemma [2.11 needs x^ to be real valued. 
An instructive counterexample when x^ is not real valued is obtained by 
letting G be a cyclic group of order n and taking rj to be the representation 
whose value on a fixed generator is e~. 

One can also define a chain with transition probability 

dim{p) ^ p X r, ^ 
< XX ,x' > 



dim{ri)dim{\) 
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which would not requh'e t] real valued in Lemma l2.ll but this is less useful 
for the applications at hand, since then Proposition 12.31 below would fail as 
any reversible Markov chain has real eigenvalues. 

Proposition 12.21 shows that Mh is in fact a special case of L^. 

Proposition 2.2. Let Mh be the Markov chain on irreducible representa- 
tions of G corresponding to the choice of subgroup H. Let L^ be the Markov 
chain on the irreducible representations of G corresponding to the choice 
that rj is the representation of G on cosets of H (i.e. the induction of the 
trivial representation of H to G). Then Mh = Lr^. 

Proof. Throughout the proof we let Res, Lnd denote restriction and induc- 
tion of characters. 

<X^//r^dg[l] >G 
<XV,/™4[1] >G 

< ResHix^X^)A >H 

< ResHix^),ResH{x^) >h 

TeIrr{H) 

= Mh{\p). 

Note that the third equality is Frobenius reciprocity. □ 



|G| dim{X 
H\ dim{p 



H\ dim{p 



\G\ dim{\ 
H\ dim{p 



\G\ dim{X 
H\ dim{p 



\G\ dim{\ 
H\ dim{p 



\G\ dimiX 



Next we note that the chain can be explicitly diagonalized, a fact 
which has implications for the decomposition of tensor products. As this 
directly generalizes results from JF2] (which explains their importance) and 
can be proved by a similar technique, we omit the proofs. 

Proposition 2.3. Let G be a finite group and rj any representation of G 
whose character is real valued. Let it denote the Plancherel measure of G. 
Then the eigenvalues and eigenf unctions of the Markov chain are indexed 
by conjugacy classes C of G. 

(1) The eigenvalue parameterized by C is 

(2) An orthonormal basis of eigenf unctions ipc in L'^{'k) is defined by 

Proposition 2.4. Let rj be a representation of a finite group G whose char- 
acter is real valued. Suppose that \G\ > 1. Let (3 = maxg^i j^^^^^^ and 
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let TT denote the Plancherel measure of G. Then for integer r >1, 

E 1^ <x',tfT>-M.)l<|0|"=/3'^ 

pe/r-r(G) ^ " 

3. Properties of Jack Polynomials 

The purpose of this section is to collect properties of Jack polynomials 
which will be crucial in the proof of Theorem II. 21 A thorough introduction 
to Jack polynomials is in Chapter 6 of . We conform to Macdonald's no- 
tation and let denote the Jack polynomial with parameter a associated 
to the partition A. When q = 1, the Jack polynomials are Schur functions, 
and when a = 2 or q = ^, they are zonal polynomials corresponding to 
spherical functions of a Gelfand pair. 

As in the introduction, given a box s in the diagram of A, let a{s) and 
l{s) denote the arm and leg of s respectively. One defines quantities 



CA(a) = W{aa{s) + l{s) + l) 
Cy^{a) = JJ(aa(s) + l{s) + a) 



seA 

Recall that mi{\) denotes the number of parts of A of size i and that /(A) 
denotes the total number of parts of A. We let z\ = f^j^j^ i'^'(^)mj(A)!, the 
size of the centralizer of a permutation of cycle type A in the symmetric 
group. 

Let 0^{a) denote the coefficient of the power sum symmetric function 
in Lemma 13. II gives orthogonality relations for these coefficients. We 

remark that when a = 1, ^^(1) is equal to dim{x) '^^^^^ is the character 
value of the representation of S„ parameterized by A on elements of cycle 
type fi. Thus when a = 1, Lemma 13.11 specializes to the orthogonality 
relations for characters of the symmetric group. 



Lemma 3.1. HMl, page 382) 
(1) 

\fj,\=n 

(2) 

cp{a)c'^{a) ^'"z.a^M- 

\p\=n 1^ 

The following special values of 0^{a) will be needed. 
Lemma 3.2. (1) page 382) 

0fi„)(«) = l. 



(Q) = a 
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(2) f(Ml, page 383) 

(3) m, page 384) 

6'^2,i"-2)(") = n{\')a - n(A). 

(4) page 107) 

Mn^i,i), ^ Hn-l) + l)mi(^)-n 

^li ' H«j = 7 • 

^ anyn — Ij 

Next we consider the ring of symmetric functions, with inner product 
defined by the orthogonahty condition < Pu,Pfi >a= ^v,fiZ^oi^'^^\ By Lemma 
lij.ll this is equivalent to the condition that < >a= ^ri,\C\{a)dy^{a) . 

For a symmetric function /, its adjoint /"*" is defined by the condition < 
fdi h >a=< 9, f^h >a for all g, h in the ring of symmetric functions. It is 
straightforward to check that = (for the case a = 1 see page 76 of 

m). 

Let 

, T-r {aax{s) + Ixjs) + 1) (aar(s) + Irjs) + a) 

"^^Z"^"^" {aax{s) + h{s) + a){aar{s)+lAs) + l) 

where Cx/j- is the union of columns of A that intersect A — r and Rx/t is the 
union of rows of A that intersect A — r. 

Lemma 3.3. 

' " , ,^ 4(a) ^ ■ 

|T|=n-l ' 

Proof. Take the inner product of both sides with J^"^ . The left hand side 
becomes 

<p^jf),4") >,=< ),pi4°) >„. 

Using the Fieri rule for Jack symmetric functions ([M]) page 340), this be- 
comes 

< •^i"^^"^ >"= Cr{a)c'x{a)ij'x/Ao^). 
cx[a) ' ' 

By the orthogonality relations for the J' s, this is equal to the inner product 

of the right hand side with J-f"^ . □ 

4. Construction of an Exchangeable Fair 

The purpose of this section is twofold. First, we use the theory of har- 
monic functions on Bratelli diagrams to construct an exchangeable pair 
(1^Q,,W2) with respect to Jackc measure on the set of partitions of size 
n (and as usual, we suppose without loss of generality that a > 1). We give 
a Markov chain Ma which is a deformation of the chain Mh from Section [21 
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(when a = 1 it corresponds to the case that G = Sn and H = The 
second and more subtle part of this section is to show that this construction 
is closely related to a chain which is a deformation of the chain from 
Section [21 (when a = 1 it corresponds to the case that G = 5„ and r/ is the 
irreducible representation of the symmetric group of shape (n — 1,1))- In 
fact much of this paper can be pushed through for generalizations of Ma 
and La corresponding to more vigorous walks on the set of partitions, but 
for Stein's method it is preferable to use local walks. 

The use of both Ma and La will be crucial to this paper. An interesting 
result in this section will be that (except for holding probabilities), La is a 
rescaling of Mq, so that one can work with whichever is more convenient. For 
instance it will be clear from the definition that the transition probabilities 
of Ma are always non-negative. But except for cases such as a = 1, 2 where 
there is a group theoretic reason, it will not be clear that the transition 
probabilities of La are always non- negative. But to prove that Wa is an 
eigenvector of M„, it will be convenient to use connections with La- 
in order to define Ma, we first recall results on the theory of harmonic 
functions on Bratelli diagrams. The basic language was reviewed in Section 
12 The level r„ consists of all partitions of size n. The multiplicity function 
Ka(r, A) is defined as '(/'^^^(a) where '^^^^(a) was defined in Section |21 A 

result of Stanley .St.; is that dima{X) = ^'^^ . Then |K3j shows that the 
Jacka measure 



■KaW 



forms a coherent set of probability distributions for this Bratelli diagram. 

Motivated by the discussion in Section [21 for A,p E r„, we define (for 
a > 1) the transition probability Ma{X, p) to be 



^q(/0) dima{_T)'^KaiT,p)Ka{T,X) 



E 



dima{\)dima{p) , f—' ^ vra(r) 

\T\=n—l 

ancp{a) ^(a) 



Note that this corresponds to transitioning down a level and then up a level 
in the Bratelli diagram. The expression for Ma{\,p) is a mess, but three 
useful observations can be made. First being a sum of non-negative terms, 
it is nonnegative. Second, it is clear that the transition mechanism Ma 
proceeds by local moves, in the sense that if Ma{\-,p) 7^ 0, then A and p 
have a, common descGndant. Third, ^^ol is reversible with, respect to Jacko; 
measure. 
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As an example, when n = 3 the reader can verify that the Mq, transition 
probabihties (rows add to 1) are 

(3) (2,1) (1=^) 

(^) 2^ 2^ 

(9 1^ a+2 2(a^+7a+l) a(2a+l) 

V^' 3{q+1)(2q+1) 3{a+2)(2ci+l) 3(a+l){a+2) 

\^ ) ^ a+2 a+2 

Next we define (for a > 1) a chain La to have transition "probabihty" 

^ |/i|=n 

As an example, when n = 3 using the special values of the 0's given in 
Lemma 13.21 fand also the value 0^^'^{a) which is determined from the other 
values by the orthogonality relations Lemma l3.1|) . the reader can verify that 
the La transition probabilities (rows add to 1) are 

(3) (2,1) (1^) 

(3) 1 

(2,1) 

I ^ a(a+2) a(a+2) 



a+2 2a^+lla-4 (2a+l)^ 
6a(a+l) 6«(a+2) 6(a+l){«+2) 



Since the ^'s can be negative it is not clear (see more discussion below) that 
these transition "probabilities" are non-negative. However La is clearly 
"reversible" with respect to Jack^ measure. Proposition 14.11 shows that the 
transition probabilities sum to one. 

Proposition 4.1. 

Y,La{\p) = l. 

\p\=n 

Proof. By definition Yli\p\=n^oi{^-, p) is equal to 
^-^ Cp[ajcJaja^n\ ^-^ h- 

\p\=n I" |/i|=n 

Using the fact from part 1 of Lemma [3.2l that = 1, this can be rewritten 



as 



5:(.,)^a-(-)^^(a)<--^)(a)^ '^^"^''^"^ 



M=n \p\=n ^' 

The result now follows from part 2 of Lemma 13.11 and part 1 of Lemma 
O □ 

Theorem 14.21 establishes a fundamental relationship between the chains 
Ma and L„. 
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Theorem 4.2. If \^ p, then 

a[n — 1) 

Proof. By part 4 of Lemma La{^-, p) is equal to 
an(n - l)cp(a)c' (a) ^ a- 

\^l\=n 

Since A 7^ /O, part 1 of Lemma l3. II shows that this is equal to 
anyn — \)Cp[a)Cp[a) ^—^ ^ ^ 

\fi\=n 

Bearing in mind the results from Section |31 this can be rewritten as 
(a(n-l) + l) ^ d 



an{n — l)cp{a)c'p{a) dpi 



|/i|=n \fJ.\=n \fJ.\=n 



a^i^^jT, — l)cp(a)c'p(a) 

(a(n -1) + 1) 
a'^n{n — l)cp{a)c'p{a) 

|T|=n-l ' |r|=n-l ^ 

(a(n -1) + 1) ^ c';^(a)cT(a)V'l/^(a)V'p/^(a) 
a(re — 1) ^ and {a)cp{a) 

|r|=n-l 

a(n — 1) + 1 , ^ ^ 
a{n — 1) 



□ 



Note that Theorem l4.'2l imDlies that Lq,(A, /)) > for A 7^ p. We conjecture 
that La{X, A) > for all A and a > 1. Using Theorem 14.21 this is equivalent 
to the assertion that Mq,(A, A) > ^(^^\\^^-^ for all A. However as this paper 
only uses non-negativity of M^, this conjecture is somewhat of a distraction 
and we do not pursue it here. The proof should not be too difficult. 

In fact since Li{X, p) is simply the chain of Section |21 with rj the 
irreducible representation of shape (n — 1, 1), nonnegativity of Li is clear. 
To conclude this section we give a similar group theoretic argument that 
L2i\p) > for ah A, p. 

Proposition 4.3. L2{X, p) > for all \,p. 

Proof. Let H2n be the hyperoctahedral group of order 2"n!. Using the nota- 
tion of Section 7.2 of |M] for the Gelfand pair {S2n, H2n), given A, p partitions 
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of n, let oj^ be the value of the spherical function u;'^ on a double coset of 
type fj,. It follows that 

'^^ cp{2)c'p{2) ^ ^ ^ 

It is a general fact (page 396 of jVI_ ) that iiui, - ■ ■ ,uJt are spherical functions 
for a Gelfand pair (G, K) and a^^ are defined by 

k 

(where the multiplication tOiUJj denotes the pointwise product) then a^j are 
real and > 0. The proposition now follows from the orthogonality relation 

V 1 ^a(2)c-,(2) 
^2K/^)z/^ (2"n!)2 

on page 406 of [Ml- □ 

5. Jack Polynomials and the Metropolis Algorithm 

To begin we recall the Metropolis algorithm |MRRTT] for sampling from 
a positive probability tt{x) on a finite set X. A marvelous survey of the 
Metropolis algorithm, containing references and many examples is |DSaj . 
The Metropolis algorithm is especially useful when one can understand the 
ratios Vy^^ = ^[fy; but can not easily compute tt{x) (for instance in Ising- 
type models). Let S{x,y) (the base chain) be the transition matrix of a 
symmetric irreducible Markov chain on X. Define the Metropolis chain T 
by letting T(x, y), the probability of moving from j; to y be defined by 

S{x,y)ry^x if ry^^ < 1 

S{x,y) if y / a; and r^^^^; > 1 

S{x,x) + Yl S{x,z){l - r;,^^) ii y = x 



<1 



This chain has desirable properties. First, is easy to implement. From x, 
pick y with probability S{x,y). li y ^ x and r^ a, > 1, the chain moves to 
y. If y ^ X and ry^^ < 1, fiip a coin with success probability ry^^- If the coin 
toss succeeds, the chain moves to y. Otherwise the chain stays at x. Second, 
the chain T{x, y) is irreducible and aperiodic with stationary distribution tt. 
Thus taking sufficiently many steps according to the chain T one obtains an 
arbitrarily good approximate sample of vr. 

A remarkable result of Hanlon relates the Metropolis algorithm to 
Jack symmetric functions. Fix a > 1. Hanlon defines a Markov chain Tq, on 
the symmetric group Sn as follows. Let tt{x) be the probability measure on 
Sn which chooses x with probability proportional to a~'^^^^ where c(x) is the 
number of cycles of x (ironically for sampling purposes one does not need 
to use the Metropolis algorithm as the constant of proportionality can be 
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exactly computed in this case). Let S{x, y) = -ct if x y is a transposition, 

and otherwise. Then Hanlon defines Tq,(x, y) to be the resulting Metropolis 
chain. To be explicit, if is the partition whose rows are the cycle lengths 
of X, then the chance Tq(x, y) of moving from x to y is 

- («-iMA^) -f „ _ „ 



if y = x{i,j) and c(y) = c(x) — 1 
if y = x{i,j) and c(y) = c{x) + 1 



otherwise 

Thus for n = 3 the transition matrix is (rows sum to 1) 

id (12) (13) (23) (123) (132) 
id i i i 

(13) I ^ I J 

Inn 1 1 



(23) 3^ 3 
(123) ^ ^ ^ 
(132) £ ^ £ 1-i 



It is clear that the transition matrix for Tq, commutes with the action of 
Sn on itself by conjugation. Thus lumping the chain Ta to conjugacy classes 
gives a Markov chain on conjugacy classes of Sn- We denote this lumped 
Metropolis chain by Kq,. The transition probability Ka{p^v) is defined as 
^rQ,(x,y) where x is any permutation in the class // and y consists of all 
permutations in the class v. For instance when n = 3 the transition matrix 
(rows sum to 1) is 

(1') (2,1) (3) 
(1^) 10 



(2,1) 



J_ g-l 2 

3a 3ja? 3 



(3) ^ 1-1 

Theorem 15. II is due to Hanlon and is quite deep. In |DHaj it is applied to 
analyze the convergence rate of the Metropolis chain Tq,. The case a = 1 of 
Theorem 15. H is the usual Fourier analysis on the symmetric group (see jPShj 
for details and an application to analyzing the convergence rate of random 
walk generated by random transpositions). 



Theorem 5.1. / |Haj ) Suppose that a > 1. Then the chance that the lumped 
Metropolis chain on partitions moves from (1") to the partition /i after 
r steps is equal to 



a n! y, 

\p\=n 



Cp{a)dp{a) I a(^) 



The following consequence is worth recording. 
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Corollary 5.2. Suppose that a > 1. Then the chance that the lumped 
Metropolis chain Ka on partitions of size n moves from the partition (1") 
to itself after r steps is the rth moment of the statistic under Jacka 

V"(2) 

measure. 

Proof. By part 1 of Lemma 13.21 6^-^„^(a) = 1. The result is now clear from 
Theorem O □ 

Corollary 15.21 allows one to compute the rth moment of Wa in terms of 
return probabilities of the Metropolis chain Ka. This opens the door to the 
method of moments approach to proving a central limit theorem for Wa, as 
in |Hoj for the special case a = 1. However we prefer the Stein's method ap- 
proach, as it comes with an error term. But in passing we note a consequence 
which indicates that the scaling of Wa has been chosen correctly. 

Corollary 5.3. Suppose that a > 1. Then E{Wa) = 0, E{W^) = I, and 



Proof. The chance that Ka goes from (1") to itself in one step is 0. Hence 
E(Wa) = 0. The chance that Ka goes from (1") to itself in two steps is 
computed to be —tey- Hence E{Wa) = 1. The chance that Ka goes from 

(1") to itself in three steps is equal to the chance of going from (1") to 
(2, in two steps, and then back to (1"). This chance is Hence 

E{W^) = f=ir- □ 



6. Central Limit Theorem for Jack Measure 

In this section we prove Theorem 11.21 Thus q > 1 is fixed and we aim to 
show that Wa(^) = ""'^^ satisfies a central limit theorem when A is 

v/"(2) 

chosen from Jack^ measure. 

Let (1^0,, W2) be the exchangeable pair constructed in Section 0] using 
the Markov chain Ma- Abusing notation due to possible negativity issues, 
it is also convenient to let (Wa,W^) be the exchangeable pair constructed 
in Section 0] using La. To apply Stein's method it is necessary to work 
with the genuine exchangeable pair (Wq,!^*), but Theorem 14 . 2 1 will reduce 
computations involving it to the more tractable pair (1^q,,1^^). 

Proposition 16.11 shows that the hypothesis needed to apply the Stein 
method bound (Theorem II. 3|) is satisfied. It also tells us that Wa is an 
eigenvector for the Markov chain Ma, with eigenvalue 1 — ^. It is perhaps 
unexpected that this eigenvalue is independent of a. 

Proposition 6.1. E^"{W*) = (1 - ^)Wa. 



17 

Proof. Theorem 14.21 implies that 

a{n — 1) + 1 

Using the definition of the chain and part 3 of Lemma [3 .21 it follows that 



«l2) \P\-- 



a 



\.2) ImI=" IpI=" 



Cp{a)c'p{a)a'^n\ 



Using part 2 of Lemma one sees that only the term // = (2,1" ^) 
makes a non-zero contribution. Thus 

E V^a) - 7 TT^f2 1"-2)V«j 

an(n — 1) ^^'^ 



n(n — Ija / 

The last two equations used Lemma Consequently 
pA.w/ wN /2(an-a + l) 



Thus E^{W^ — Wa) = —^Wa, and since this depends on A only through 
Wa, the result follows. □ 

More generally, the following proposition (proved using the same method 
as for Proposition 16. 1|) holds. 

Proposition 6.2. Fix v a partition of n. Then 0^{a) is an eigenvector 
of La with eigenvalue a„-i(u)^\ ^i^ ^'^^ eigenvector of Ma with 



eigenvalue 



a(n-l) + l Va"-'Hn! " ^ ^ ^ 



As a consequence of ProDosition l6.H we see that the mean E(Wa) is equal 
to 0. 

Corollary 6.3. E{Wa) = 0. 



18 

Proof. Since the pair {Wa,W*) is exchangeable, E{W* - Wa) = 0. Using 
Proposition 16.11 we see that 

E{W:, - Wa) = E{E^-{W:, - Wa)) = --E{Wa). 

n 

Hence E{Wa) = 0. □ 

Next we compute E^{Wa)'^ . Recall that this notation means the expected 
value of {W'a)"^ given A. This will be useful for analyzing the error term in 
Theorem 11.31 

Proposition 6.4. 

. ^4(a-l)(a^"-i^ -'^ 

^(2,i"-2)r 



E^{{W'S) = 1 + ^^ 



^(3,i--3)(a) 



a'^n^[n - 


z / 
-1)2 




^ 6 (a(n — l)(n - 


-3)- 


■3) 


a'^n^{n — 


1)2 




^4(a(n - l)(n 

■) 0/ 


-4)- 

-1 N 


-4) 



Proof. 



an{p') — n{p) 



a 



\p\=n 

y I 

2) ^ cp{a)dp{a)a^n\ 

\p\=n 



an{p') — n{p) 



a 



E 



|/x|=n 

6'^(a) / an(p') - n{p) \ 



1^1=, cp(a)c;,(a) \^ a(^) 



Next observe that using Theorem 15.11 one can compute the sum 



9^{a) / an{p') - n{p) \ 



\p\=n 



for any partition p. Indeed, it is simply the probability that the lumped 
Metropolis chain Ka moves from (1") to p in two steps. From the explicit 
description of the transition rule of Ka, it is straightforward to calculate 
that this probability is —j^ when p = (1"), is when p = (2, l"' 
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when = (3, l"-^)^ and is ^"^g-"^^ when ^ = (2^, l"-^). Together 
with part 4 of Lemma 13.21 this completes the proof of the proposition. □ 

One can use Proposition 16.41 to give a Stein's method proof of the fact 
that Var(Wa) = 1, but in hght of Coroharv 15 . 31 there is no need to do so. 

In order to prove Theorem 11.21 we have to analyze the error terms in 
Theorem 11.31 To begin we study 

obtaining an exact formula. From Jensen's inequality for conditional expec- 
tations, (see Lemma 5 of |F4j for details) the fact that Wa is determined by 
A implies that 

E[E^'-{W* - Waf]^ < E[E^{W* - Waf]^. 
Hence Proposition 16.51 gives an upper bound on 



E{-l+'-E'^"{W*-Wa 



Proposition 6.5. 



n 



E(-1 + ^E^(W*-W^''' 



2 San + 2a2 _ lOa + 2 



4 ' " J 4an(n- 1) 

Proof. By Theorem 14. 21 and Proposition 16.11 



a{n - 1) + 1' 



a{n - 1) + 1 



a{n — 1) + 1 \ an{n 

Combining this with Proposition 16. 4( it follows that -1 + - W^)^ 

is equal to A + B + C + D + E where 

(1) A = -l+'i f^'ll, 

^ ' 4 a(n— 1)+1 



(2) B - i^zlMVlzlIflA 

-D — Q,n(n-l)(an-a+l)'^(2,l"-2)l«J 

(o\ r — 3(a(n-l)(n-3)-3) n\ ( ^\ 

yo) O — 2an(n-l)(an-a+l)'^(3,l"-»)V"^ 



(4) D 
(5) 



a(n-l)(n-4)--4 
an(n-l)(an-a+l)'^(22,l"-4)^ 



n a{n — l) 4(an — a + 1) 

= ( -. r 

4 an — a + 1 an(n — 1) 

n a{n — \) ^4(an — a + l) 
4 an — a + 1 an{n — 1) 
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We need to compute the Jacka average oi {A + B + C + D + E)"^ . Since 

is constant, the average of is ^—1 + f ^ • The Jack^ averages 

of B^,C^,D^ can all be computed using part 2 of Lemma l3.ll To compute 
the Jacko average of E'^ one uses Theorem 15.11 to reduce to computing the 
probability that after three steps taken by the chain started from the 
partition (l*^), that one is at the partition (2, 1"~^). From the description 
of the entries of the transition matrix of K^, one computes this probability 
to be 2(3«n^+an+2a^^-i6«+2) ^ rj.^^ j^^j^^ averages of 2AB, 2AC, 2AD, 2BC, 

2BD, 2CD are all by part 2 of Lemma O The Jack^ average of 2AE 
is computed using the second expression for E and part 2 of Lemma 13.11 
Finally, Theorem 15 . II reduces computation of the Jack^ average of 2BE (re- 
spectively 2CE and 2DE) to the probability that after two steps taken by 
the chain Ka started at (l"), that one is at the partition (2, l""^) (respec- 
tively (3, 1"~^) and (2^, 1"~^)). Thus all of the enumerations are elementary 
and adding up the terms yields the proposition. □ 

The final ingredient needed to prove Theorem 11.21 is an upper bound on 
— W\^. Typically this is the crudest term in applications of Stein's 
method. 

Lemma 16.61 bounds the tail probabilities for Xi,Xi under Jack^, measure. 

Lemma 6.6. Suppose that a > 0. 

(1) The Jacket probability that Ai > 2ey^ is at most 

(2) The Jacka probability that X'^ > 2ey/an is at most 



ev na 



Proof. Given a partition A, let r be the partition of n — Ai given by removing 
the first row of A. Then by the definition of Jack^ measure, it follows that 
the Jackc measure of A is at most (^n-Xiy.\il{a{\i'-i)+i)---{a+i) multiplied by 
the Jackc measure of r. It follows that the Jacka probability that Ai = / is 
at most 

n! 1 ,n^,al 

< (—) — 



(n-/)!/!a'-i(/-l)! " 'a' V.'^' 

Using the inequality y\ > {y/e)^ and assuming that I > 2ey^ this is at 
most 

,ne^,; . an 



The first assertion follows by summing over / with n>l>2e-y 

The second assertion follows from the first assertion by symmetry. Indeed, 
since the Jack^ measure of A' is the Jackj_ measure of A, the Jack^, proba- 

a. 

bility that A'^^ > 2e\Jan is equal to the Jackj_ probability that Ai > 2e\Jan. 

OL 

Now apply part 1 of the lemma with a replaced by — . □ 
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Proposition 6.7. Suppose that a > 1. Then there is a constant Ca de- 
pending on a such that 

E\W* -Wf < C^n-^l'^ 

for all n. 

Proof. Recall that 

W = i (an(AO - n(A)). 

From the definition of Ma , it is clear that A* is obtained from A by removing 
a box from the diagram of A and reattaching it somewhere. It follows that 

\W* -W\< , ^ (a(Ai + 1) + A'l + 1). 



a 



Indeed, suppose that A* is obtained from A by moving a box from row a and 
column 6 to a different row c and column d. Then 

W*-W = (a(Ae - Aa + 1) + (A; - a:, - 1)) . 



Suppose that Ai < 2e^J^ and that A'^ < 2e\Jan. Then by the previous 
paragraph 

\W* -W\< 



n 



for a universal constant Co (not even depending on a). Note by the first 
paragraph, that even if Ai > 2e^J^ or A'^ > 2e^/(xn occurs, then \W* — 
W\ < C\\fa. for a universal constant C\. The result now follows by Lemma 
16.61 which shows that these events occur with very low probability for a 
fixed. □ 

Summarizing, now we prove Theorem 11.21 (the main result). 

Proof. We use Theorem II . 31 with the exchangeable pair (W, W*) constructed 
in Section |1J Proposition 16.11 shows this to be possible with r = -. The 
result now follows from Proposition 16. 51 (together with the paragraph before 
it) and Proposition 16.71 □ 



7. Acknowledgements 



The author was partially supported by National Security Agency grant 
MDA904-03-1-0049. We thank a referee for helpful comments. 



22 



References 

[AID] Aldous, D. and Diaconis, P., Longest increasing subsequences: from patience sort- 
ing to the Baik-Deift- Johansson theorem, Bull. AMS (N.S.) 36 (1999), 413-432. 

[ArGG] Arratia, R., Goldstein, L. and Gordon, L., Poisson approximation and the Chen- 
Stein method. Statist. Sci. 5 (1990), 403- 434. 

[BHJ] Barbour, A.D., Hoist, L., and Janson, S., Poisson approximation. Oxford Science 
Publications. Clarendon Press, Oxford university Press, New York, 1992. 

[BOl] Borodin, A. and Olshanski, G., Z-measures on partitions and their scaling limits, 
preprint math-ph/0210048 at http://xxx.lanl.gov 

[B02] Borodin, A. and Olshanski, G., Harmonic functions on multiplicative graphs and 
interpolation polynomials. Electron. J. Combin. 7 (2000), Research paper 28, 39 
pages (electronic). 

[BOO] Borodin, A., Okounkov, A., and Olshanski, G., Asymptotics of Plancherel measure 
for symmetric groups, J. Amer. Math. Soc. 13 (2000), 481-515. 

[CF] Chatterjee, S. and Fulman, J., Stein's method for approximation and spectral 
measure of Gelfand pairs, in preparation. 

[De] Deift, P., Integrable systems and combinatorial theory. Notices Amer. Math. Soc. 
47 (2000), 631-640. 

[DHa] Diaconis, P. and Hanlon, P., Eigen- analysis for some examples of the Metropolis 
algorithm, in Hypergeometric functions on domains of positivity, Jack polynomials, 
and applications, Contemp. Math. 138, Amer. Math. Soc, (1992), 99-117 

[DHol] Diaconis, P. and Holmes, S., Random walks on trees and matchings, Elec. J. 
Probab. 7 (2002), 17 pages (electronic). 

[DSa] Diaconis, P. and Saloff-Coste, L., What do we know about the Metropolis algo- 
rithm?, J. Comput. System Set. 57 (1998), 20-36. 

[DSh] Diaconis, P. and Shahshahani, M., Generating a random permutation with random 
transpositions, Z. Wahr. Venn. Gebiete 57 (1981), 159-179. 

[EO] Eskin, A. and Okounkov, A., Asymptotics of branched coverings of a torus and 
volumes of moduli spaces of holomorphic differentials. Invent. Math. 145 (2001), 
59-103. 

[Fr] Frobenuis, F., Uber die charaktere der symmetrischen gruppe, Sttz. Konig. Preuss. 
Akad. Wissen. (1900), 516-534; Gesammelte abhandlungen HI, Springer- Verlag, 
Heidelberg, 1968, 148-166. 

[Fl] Fulman, J., Stein's method and Plancherel measure of the sym- 
metric group, to appear in Trans. Amer. Math. Soc, available at 
|http://www.math. pitt.edu/~fulmanj. 

[F2] Fulman, J., Card shuffling and the decomposition of tensor products, to appear in 
Pacific J. Math., available at http://www.math.pitt.edu/~fulman 

[F3] Fulman, J., Martingales and character ratios, preprint math.RT/0402409 at 
http:/ /xxx. lanl.gov 

[F4] Fulman, J., Stein's method and non-reversible Markov chains (1997), to appear 
in Proceedings of 1998 Conference on Stein's Method and Monte Carlo Markov 
Chains. 

[Ha] Hanlon, P., A Markov chain on the symmetric group and Jack symmetric functions. 
Discrete Math. 99 (1992), 123-140. 

[Ho] Hora, A., Central limit theorem for the adjacency operators on the infinite sym- 
metric group. Comm. Math. Phys. 195 (1998), 405-416. 

[lO] Ivanov, V. and Olshanski, G., Kerov's central limit theorem for the Plancherel 
measure on Young diagrams, in Symmetric Functions 2001: Surveys of develop- 
ments and perspectives, Kluwer Academic Publishers, Dodrecht, 2002. 

[J] Johansson, K., Discrete orthogonal polynomial ensembles and the Plancherel mea- 
sure, Ann. of Math. (2) 153 (2001), 259-296. 



23 



[Kl] Kerov. S.V., Gaussian limit for the Plancherel measure of the symmetric group, 
Compt. Rend. Acad. Set. Paris, Seme I, 316 (1993), 303-308. 

[K2] Kerov, S.V., The boundary of Young lattice and random Young tableaux, in For- 
mal power series and algebraic combinatorics, DIMACS Ser. Discrete Math. The- 
oret. Comput. Sci. 24, Amer. Math. Soc, Providence, RI, (1996), 133-158. 

[K3] Kerov, S.V., Anisotropic Young diagrams and Jack symmetric functions, Fund. 
Anal. Appl. 34 (2000), 41-51. 

[M] Macdonald, I., Symmetric functions and Hall polynomials. Second edition, Oxford 
University Press, New York, 1995. 

[MRRTT] Metropolis, N., Rosenbluth, A., Rosenbluth, M., Teller, A., and Teller, E., 
Equations of state calculations by fast computing machines, J. Chem. Phys. 21 
(1953), 1087-1092. 

[Ol] Okounkov, A., Random matrices and random permutations, Internat. Math. Res. 

Notices 20 (2000), 1043-1095. ^ 

[02] Okounkov, A., The uses of random partitions, preprint |math-ph /0309015| at 

http:/ /xxx. lanl.gov 

[RR] Rinott, Y. and Rotar, V., On coupling constructions and rates in the CLT for 

dependent summands with applications to the antivoter model and weighted U- 

statistics, Ann. of Appl. Probab. 7 (1997), 1080-1105. 
[St] Stanley, R., Some combinatorial properties of Jack symmetric functions. Advances 

m Math. 77 (1989), 76-115. 
[Stnl] Stein, C, Approximate computation of expectations, Institute of Mathematical 

Statistics Lecture Notes, Volume 7, 1986. 
[Stn2] Stein, C, A way of using auxiliary randomization. Probability theory (Singapore, 

1989), (1992), 159-180. 



